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L«kX­^Ú¿Â ([10], [11] )"º:ê§a#ê(
§d Borcherds3 1980cÑäNêÆ½Â ([12])§d 
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K"
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C[t±11 , . . . , t±1r ]´'u rCþLaurentõª"ém = (m1, . . . ,mr) ∈
Zr§·P tm = tm11 · · · tmrr §½Â toroidaloê










Ù¥ a, b ∈ g§n0,m0 ∈ Z§n,m ∈ Zr§ K0 ⊗ tm 9 Ki§i = 1, . . . , r§¥%
"
´§ r = 0 §§=oê ĝ = g ⊗ C[t, t−1] ⊕ Ck"-
g̃ = g⊗C[t, t−1]⊕Ck⊕Cd§Ù¥ d g̃Ýf"'uoê g̃§Chari
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éA"q-Virasoroê D§d cÚ Dα(n) (α, n ∈ Z))¤§÷v'X
D−α(n) = −Dα(n),
[Dα(n), Dβ(m)] = (q − q−1)[αm− βn]qDα+β(m+ n)
− (q − q−1)[αm+ βn]qDα−β(m+ n)
+ ([m]qα+β − [m]qα−β)δm+n,0c,

















































Lie algebras and vertex algebras are closely related to each other. On the one
hand, we can construct and study vertex algebras through Lie algebras, on the other
hand, from the study of vertex algebras and their corresponding modules, we can get
some properties of the modules for the related Lie algebras. As the universal central
extension of multi-loop Lie algebras, toroidal Lie algebra is a natural generalization
of affine Kac-Moody algebra, it was first introduced by Moody et al. in [1]. Later, a
lot of works which related to the construction and representation theory of toroidal Lie
algebra ([2], [3], [4], [5], [6], [7], [8], etc.) have been done, and in the paper [9], the
authors introduced and studied a notion of toroidal vertex algebra, they associate the
restricted modules for the toroidal Lie algebra with the modules for the toroidal vertex
algebra. Meanwhile, as a classical example of extended affine Lie algebra (EALA for
short), the representation theory of toroidal Lie algebra is very important for the study
of the representation theory of EALA (See [10], [11], etc.). Vertex algebra, as a new
algebraic structure, was introduced by Borcherds in 1986 ([12]), then it gets a lot of
attentions and study, and it has significant meaning in both mathematics and physics
([13], [14], [15], etc.). In the theory of vertex algebra, an interesting question is how
to relate infinite-dimensional Lie algebras to vertex algebras.
Let g be a finite dimensional simple Lie algebra equipped with a normalized
Killing form 〈·, ·〉. Let r be a positive integer and let C[t±11 , . . . , t±1r ] be the algebra
of Laurent polynomials in r commuting variables. For m = (m1, . . . ,mr) ∈ Zr, set
tm = tm11 · · · tmrr , define the toroidal Lie algebra










for a, b ∈ g, n0,m0 ∈ Z, n,m ∈ Zr, and where K0 ⊗ tm, Ki, i = 1, . . . , r are central.
If r = 0, it is an affine Lie algebra ĝ = g ⊗ C[t, t−1] ⊕ Ck. We let
g̃ = g ⊗ C[t, t−1] ⊕ Ck ⊕ Cd be the affine Lie algebra with the derivation added.














classified by Chari in [16]. Specifically, Chari proved that the irreducible integrable
g̃-modules with finite dimensional weight spaces can be classified into three classes:
highest weight modules, lowest weight modules, and a level zero (i.e. the central acts
as zero) modules (loop modules). Furthermore, in [17], the authors studied tensor
products of modules of different types which were classified in [16]. In particular,
they proved that the tensor product of an irreducible integrable highest ĝ-module and
a finite dimensional irreducible evaluation ĝ-module is irreducible. Such irreducible
tensor product modules are integrable but with infinite dimensional weight spaces in
general. This provides a new family of irreducible integrable ĝ-modules. Motivated
by this, a canonical characterization for the tensor product modules of this form was
given in [19]. More specifically, two categories E and C of ĝ-modules were defined
and studied by using generating functions and formal variables in [19], where the cat-
egory C unifies highest weight modules, evaluation modules, and their tensor product
modules. Furthermore, all irreducible integrable ĝ-modules in categories E and C were
classified in [19].
For toroidal Lie algebra τ , the irreducible integrable modules with finite-
dimensional weight spaces have been constructed and classified in [8]. It was proved
therein that there are two classes of evaluation modules depending on the action of
the center. One class consists of the evaluation modules arising from finite dimen-
sional irreducible modules for the finite dimensional simple Lie algebra with the full
center acting trivially, while the other consists of the evaluation modules arising from
irreducible integrable highest weight modules for the affine Lie algebra with a non-
trivial action of the center. In the second chapter, we use formal variables to define
and study various categories of modules for toroidal Lie algebra, and we classified
the irreducible integrable modules in the categories. We will see that there are some
differences between the study of categories of τ -modules and the study of affine Lie
algebra case.
In the part of vertex algebra theory, we use an infinite-dimensional Lie algebra
to construct and study vertex algebras and their modules. The q-Virasoro algebra we
studied here was first introduced in the paper [20]. Later, it was studied and realized by
Nigro when he uses free fermions to study a novel q deformation of the Virasoro alge-
bra ([21]), we denote it byD, where q is an nonzero complex number. In the process of
associating vertex algebra to the q-Virasoro algebra D, we can get a new Lie algebra,














between the corresponding modules of this vertex algebra and the restricted modules
of the q-Virasoro algebra.
The q-Virasoro algebra D is the Lie algebra with generators c and Dα(n) (α, n ∈
Z), D subjects to relations
D−α(n) = −Dα(n),
[Dα(n), Dβ(m)] = (q − q−1)[αm− βn]qDα+β(m+ n)
− (q − q−1)[αm+ βn]qDα−β(m+ n)
+ ([m]qα+β − [m]qα−β)δm+n,0c





Because that the generators and Lie brackets are related to q, we consider q into
two cases. In chapter 3, when q is not a root of unity, we study the relationship between
the restricted D-modules and the corresponding modules for the vertex algebra. In
chapter 4, we consider the same problem with q being an odd root of unity.
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